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Constraint-based programming is a problem-solving method which establishes a neat distinction

between:

� on the one hand, a precise de�nition of the constraints that de�ne the problem to be solved;

� on the other hand, the algorithms and heuristics enabling the selection, ordering and

cancellation of decisions to solve the problem.

Applied to scheduling problems, constraint-based programming enables the implementation of

precise, e�cient, 
exible and extensible scheduling systems [Le Pape 92]: precise and 
exible as

the system can take into account any constraint expressible in the constraint language; e�cient

inasmuch as highly optimized constraint propagation techniques, tailored to the requirements of

scheduling applications, are now available [Aggoun 92] [Le Pape 93]; extensible as the consideration

of a new type of constraint may require (especially in an object-oriented framework) only an

extension to the constraint system or, in the worst case, the implementation of additional decision-

making modules (without needs for modi�cation of the existing code).

The development of numerous constraint-based scheduling systems such as Isis [Fox 83] [Fox 84]

[Smith 83], Soja [Le Pape 85], Opis [Smith 86a] [Smith 86b] [Smith 87], FlyPast [Mott 88],

Sonia [Collinot 88] [Collinot 91] [Le Pape 88], Das [Burke 89a] [Burke 89b] [Prosser 90] and,

more recently, the implementation of resource constraints within industrial constraint-based

programming tools such as Chip [Van Hentenryck 89] [Aggoun 92] and Ilog Solver [Puget 94]

[Le Pape 94b] constitute signi�cant steps toward the development of precise, 
exible and e�cient

scheduling systems.

For many researchers in the �eld, it is Mark Fox who, at the beginning of the 1980s, initiates the

development of constraint-based scheduling techniques. The Isis system [Fox 83] [Fox 84] [Smith 83]

is indeed the �rst constraint-based system dedicated to scheduling problems.

However, from an historical point of view, it is interesting to go back to the �rst Operations

Research results | to the design of the �rst algorithms enabling the determination of shortest
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and longest paths in graphs. These algorithms enable the resolution of the so-called \central"

scheduling problem, i.e. the problem of scheduling n activities subjected to precedence constraints,

delay constraints (minimal and maximal delays between activities), and time-bound constraints

(earliest and latest start and end times for each activity), but not subjected to resource constraints

[Roy 70]. One of these algorithms is particularly interesting from a constraint-based programming

point of view: Ford's algorithm [Ford 56], which computes the length of the shortest (respectively

longest) paths from a node N1 to the other nodes N2 ... Nn of a valued oriented graph.

1. Let �(N1) = 0 and �(Ni) = +1 (respectively�1) for every i between 2 and n.

2. For every i between 2 and n, replace �(Ni) with min(�(Ni); min(�(Nj) + lji)) (respectively

max(�(Ni); max(�(Nj) + lji))) where lji denotes the length of the arc going from Nj to Ni

when this arc exists.

3. Iterate until �(Ni) becomes stable for every i.

This algorithm is interesting because one can implement an incremental version of it. Indeed, at

each iteration, it is useless to re-compute (�(Nj) + lji) if the preceding iteration did not result

in an update of �(Nj). Consequently, the algorithm can be modi�ed to make the update of �(Nj)

trigger, at the next iteration, the update of �(Ni). This is what constraint propagation systems do

[Le Pape 88].

The beginning of the 1960s is marked by the design and implementation of heuristic search

procedures, in particular \Branch and Bound" procedures (Little's algorithm [Little 63], for

example). A heuristic search procedure is obtained by associating heuristics with a search algorithm.

The search algorithm implicitly de�nes a space of partial problem solutions and explores it until an

acceptable or optimal complete solution is found. The mechanism used to perform the exploration

is iterative and very simple. The algorithm starts from an obvious or from an already known partial

solution and determines the changes that can be made to this partial solution. Heuristic knowledge

is used to evaluate the possible changes and the quality of the resulting partial solutions. This

knowledge is used to select, among the resulting partial solutions, those that are worth modifying

in turn. At each step in the problem-solving process, the algorithm updates (for example, through

constraint propagation!) various pieces of information to which the heuristics refer and cuts the

search by eliminating partial solutions from which no complete solution (or no complete solution

better than already known solutions) can be obtained.

When the uni�cation and resolution principles (foundations of the Prolog programming language)

are proposed by Robinson in 1965 [Robinson 65], Operations Research and Arti�cial Intelligence

seem to constitute separate disciplines. Jean-Louis Lauri�ere proposes to use Arti�cial Intelligence

techniques for the resolution of time-tabling problems, and to \harmonize and generalize certain

methods" (Branch and Bound) \born in the two domains" [Lauri�ere 71]. Five years later, Jean-Louis

Lauri�ere presents Alice, \a langage and a program for stating and solving combinatorial problems"

[Lauri�ere 76] [Lauri�ere 78] | hence (in particular) for stating and solving scheduling problems.

Alice uses (1) heuristics to make decisions, (2) propagation methods to deduce consequences of

these decisions, and (3) a tree search strategy to guarantee the generation of a complete solution

when one exists (and guarantee the generation of an optimal solution in the case of an optimization

problem). In this respect, Alice is the ancestor of many constraint-based scheduling systems.
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The 1970s are quite important years in the scheduling domain. Two important books are edited in

1974 [Baker 74] and 1976 [Co�man 76]; these books sum up the existing knowledge on \scheduling

theory" [Baker 74]. In addition, many scheduling problems are shown NP-complete [Garey 79].

An NP-complete problem is a problem for which it is conjectured that there exists no algorithm

enabling to solve the problem in an amount of time bounded by a polynomial function of the size

of the data. For example, the problem of scheduling n activities of given durations on two identical

resources is NP-complete: it is conjectured that, for every algorithm enabling to minimize the

duration (makespan) of the overall schedule, and for every polynomial function P (n), there exists

an integer m and a set of m durations such that the execution of the algorithm requires more than

P (m) units of CPU time. In the face of these complexity results, two possibilities are considered:

(1) design robust algorithms, to generate solutions (optimal solutions) as often as possible in an

acceptable amount of time; (2) design approximate algorithms, to generate approximate (sub-

optimal) solutions in a bounded amount of time.

In 1976, Jacques Erschler [Erschler 76] proposes methods of \constraints analysis" aimed at making

tree search procedures more robust. In fact, a signi�cant number of recent Operations Research

results derive from the same idea: a mechanism alternating the making of decisions and the

deduction (propagation) of the consequences of these decisions [Carlier 84] [Esquirol 87] [Carlier 88]

[Pinson 88] [Carlier 89] [Carlier 90] [Lopez 91] [Applegate 91]. Some specialists of the Operations

Research and the constraint programming communities accomplish very complementary pieces

of work: on the one hand, determining which heuristics and which propagation methods to use

to e�ciently solve scheduling problems; on the other hand, determining how to implement, in a

generic yet economical way, such heuristics and such constraint propagation methods.

The fundamental principles of constraint programming become precise in the late 1970s and early

1980s: separation between constraint propagation methods and search algorithms [Stallman 77];

exploitation of propagation results to perform \dependency-directed" rather than \chronological"

backtracking [Stallman 77] [Latombe 79]; \locality principle", which states that each constraint

must propagate as locally as possible, independently of the existence or the non-existence of other

constraints [Steele 80]; distinction between the logical representation of constraints and the control

of their use, in accordance with the equation stated by Kowalski for logic programming:

Algorithm = Logic + Control [Kowalski 79].

The �rst signi�cant applications in the planning and scheduling domain appear: Ira Goldstein and

Bruce Roberts develop a system for planning appointments [Goldstein 75] [Goldstein 77]; James

Allen develops a formalism enabling the representation (and propagation) of symbolic temporal

constraints in a plan of actions [Allen 81] [Allen 83] [Allen 84] (work extended and generalized

by Marc Vilain and Henry Kautz [Vilain 82] [Vilain 86], Peter Ladkin and Roger Maddux

[Ladkin 88], Jean-Fran�cois Rit [Rit 86] [Rit 88], Peter Van Beek [Van Beek 89] [Van Beek 90], Malik

Ghallab and Amine Mounir Alaoui [Ghallab 89a] [Ghallab 89b]); Steven Vere develops a planner

which propagates numeric temporal constraints [Vere 83]; Yannick Descotte and Jean-Claude

Latombe develop a planner which makes compromises between relaxable constraints [Descotte 81]

[Descotte 85]; and Isis, the �rst constraint-based scheduling system, is designed and implemented

by Mark Fox and his team at Carnegie-Mellon University [Fox 83] [Fox 84] [Smith 83].
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The most important issue considered by the designers of Isis is the representation of the overall set

of constraints that de�ne the scheduling problem to be solved. Isis may be considered mainly as a

tool for representing the constraints of the manufacturing environment. The Schema Representation

Language SRL [Fox 83] [Wright 84] is used to represent, in a structured fashion, the objects

manipulated in the factory, the activities to perform, and the constraints to be satis�ed. The

scheduling method per se derives from two important design decisions, aimed at breaking the

overall scheduling problem into simpler, more tractable, subproblems:

� Isis relies on an order-based decomposition of the scheduling problem. This method consists

of successively scheduling each manufacturing order. A complete schedule is obtained by

incrementally constructing a schedule for each order, taking into account the decisions made

for the preceding orders.

� For each order, Isis introduces the scheduling constraints in a hierarchical fashion (from the

most important to the less important constraints), thereby constructing an order schedule

through successive re�nements.

Constraints are used (1) to organize the successive problem-solving steps and (2) to evaluate the

characteristics of the obtained schedule. The order-based decomposition enables the establishment

of good compromises between the constraints that concern the most important orders. For these

orders, a signi�cant number of scheduling alternatives can be considered, combined and compared

in an acceptable amount of computational time. On the other hand, the order-based decomposition

does not enable a good satisfaction of resource-based optimization criteria. The successors of Isis

do not impose similar static problem decompositions.

The Soja system [Le Pape 85] is a short-term scheduling system composed of a \selection" module

and a \scheduling" (constraint satisfaction) module. These two modules rely on an inference engine

to apply selection and scheduling rules. The user of the system elaborates and orders the rules with

respect to the scheduling criteria (s)he wants to satisfy in priority. The selection module computes

the overall capacity of each resource over the time period to schedule (typically, a day or a week) and

selects a set of activities to schedule on these resources. The scheduling module determines start and

end times for the selected activities, so as to satisfy both absolute (non-relaxable) constraints and

preferences. Scheduling consists of an iterative decision-making process. At each step, a decision is

made to guarantee the satisfaction of a constraint. This decision is immediately translated into new

constraints and propagated. When a contradiction is detected, the scheduling module backtracks

and cancels its most recent decisions. If too many activities are selected, the scheduling module

fails and rejects some activities. On the contrary, if some resources are under-loaded at the end of

the scheduling process, the user is entitled to require the selection of additional activities. Then,

the scheduling module schedules these activities without cancelling the preceding decisions. The

Soja system, designed to enable the user to adapt the system's heuristic knowledge (expressed in

rules) to his or her own scheduling problem, was industrialized and marketed by GSI-Industrie.

Very 
exible scheduling systems, e.g.,Opis [Smith 86a] [Smith 86b] [Smith 87],FlyPast [Mott 88],

Sonia [Collinot 88] [Collinot 91] [Le Pape 88] and Das [Burke 89a] [Burke 89b] [Prosser 90] are

built at the end of the 1980s. Opis, FlyPast, Sonia and Das are reactive scheduling systems.

This means that they do not only allow the generation of a schedule, but also the incremental
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revision of the schedule in response to the unavoidable occurence of unexpected events such

as delays or machine breakdowns [Graves 81]. To allow schedule revision, these four systems

maintain information about the origins of the constraints deduced by propagation. This information

allows the system (1) to construct a comprehensive description of the contradictions detected by

propagation and (2) to backtrack in a selective (non-chronological) fashion.

Each of these systems relies on its own constraint propagation methods:

� Opis includes an object-oriented constraint propagation module, which simpli�es the imple-

mentation of hierarchical relations between resources and between activities [Le Pape 87].

� Sonia includes a constraint propagation module based on a logical representation of

constraints. This enables the user to control constraint propagation with respect to the

characteristics of the problem-solving context [Collinot 87].

� FlyPast uses a constraint propagation module coupled to an assumption-based truth

maintenance system [Kelleher 90]. As a result, dependencies between constraints are managed

in a generic fashion. This compares favorably with the \ad hoc" truth maintenance methods

used in Opis and Sonia. (See [De Kleer 86] [McDermott 91] for an introduction to truth

maintenance systems and [Pfe�er 92a] [Pfe�er 92b] for an interesting study on the coupling

of constraint propagation and truth maintenance.)

� Finally, Das is a system in which the constraint propagation and the constraint satisfaction

processes are distributed among di�erent processors.

However, despite those di�erences, it is the same fundamental principle which guarantees the

correctness, 
exibility and extensibility of the four systems: the separation between (1) the de�nition

of the constraints, (2) the propagation of the constraints, and (3) the speci�c problem-solving

strategies used to solve the scheduling problem under consideration [Le Pape 92] [Le Pape 94a].

The CLP(R) [Ja�ar 87] and Prolog-III [Colmerauer 87] [Colmerauer 90] constraint logic prog-

ramming languages are created in 1987, soon followed by theChip language [Van Hentenryck 89], to

which Abderrahmane Aggoun and Nicolas Beldiceanu add cumulative resource constraints in 1992

[Aggoun 92]. The Ilog Solver object-oriented constraint-based programming library is created

en 1991 (Le-Lisp version) and 1992 (C++ version) [Puget 91] [Puget 92] [Puget 94]. A generic

mechanism for the management of resource constraints is added to Ilog Solver in 1993, in the

form of a higher-level library: Ilog Schedule [Le Pape 93] [Le Pape 94b]. These tools constitute

a signi�cant basis for the development of industrial scheduling and resource allocation systems.

They shall also facilitate research and development on a number of important topics such as:

� the extension of existing constraint propagation methods: generalization of existing constraint

propagation methods [Le Pape 93]; design of new constraint propagation methods (for

example, by systematizing the use of global, redundant, constraints [Beck 92] [Caseau 93]);

better evaluation of partial schedules;

� the relaxation of a scheduling problem through the omission of constraints or through data

aggregation [Berry 93];
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� the implementation of incremental, reactive, scheduling techniques, facilitating user inter-

vention (as in Wedge - Compass [Fox 89] [McMahon 89] [Fox 90]), without paying (as in

Sonia or FlyPast) the cost of memorizing dependences between constraints [Kelleher 93a]

[Kelleher 93b];

� the design and implementation of probabilistic [Muscettola 87] [Sadeh 90] [Berry 91] and/or

fuzzy constraint models [Kerr 89], to reason about the imprecisions and inaccuracies of

scheduling data;

� the generation of robust schedules, i.e., of schedules which are likely to remain \good" despite

the unavoidable occurence of unexpected events.

Constraint-based applications enabling the resolution of very large and complex problems have

been implemented in the recent years (see, for example, the 10,000 variables problem described

in [Le Pape 94c]). There is no doubt that the current state of the constraint-based programming

technology and the accelerating accumulation of results in this domain will, in the forthcoming

years, enable the development of solutions to even more complex problems, some of which are still

believed unsolvable today.
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